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Abstract: Quantum field theories (QFT's) on noncommutative spacetimes are currently 
under intensive study. Usually such theories have world sheet noncommutativity. In the 
present work, instead, we study QFT's with commutative world sheet and noncommutative 
target space. Such noncommutativity can be interpreted in terms of twisted statistics and 
is related to earlier work of Oeckl and others [§, ^ |], [|], ||, @, [8|. The twisted spectra 
of their free Hamiltonians has been found earlier by Carmona et a! J|, 10 1. We review their 



derivation and then compute the partition function of one such typical theory. It leads to 
a deformed black body spectrum, which is analysed in detail. The difference between the 
usual and the deformed black body spectrum appears in the region of high frequencies. 
Therefore we expect that the deformed black body radiation may potentially be used to 
compute a GZK cut-off which will depend on the noncommutative parameter 9. 
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1. Introduction 

Spacetime noncommutativity is suggested by considerations based on quantum gravity Jll| 



and developments in string theory p2|, [13|, [14], [TI| ffg]. Quantum field theories (qft's) on 



such spacetimes have been developed first Doplicher et al. |T7|], and Oeckl [|J|. Studies 
of spacetime symmetries of such models |l9|] have also led to some insight into their 
properties, such as Pauli principle violation |^] and the absence of UV-IR mixing ||. The 
earlier work of Oeckl |20|] using the technology of Hopf algebras have much bearing on such 
topics and anticipated crucial results. But it is only recently that general attention has 
focused on the ideas underlying these results. 

In order to fully explore the consequences of these results, phenomenological models 
based on such noncommutative framework are useful. In this regard it would be highly 
desirable to measure at least a definitive signature of the fact that physics at a scale close 
to the Planck scale takes place in a noncommutative geometry. One usually expects that 
signatures of noncommutativity will appear in experiments involving cosmic microwave 
background (CMB), ultra- high-energy cosmic rays, or other high-energy sources such as 
those of neutrinos. It is well-known that the CMB radiation shows a black body spectrum 
with great accuracy, at least for low to medium frequencies. Still we may conjecture that 
as the measurements become more accurate, deviations from the black body spectrum 
may be found, particularly in high frequency regions, where data are still not so accurate. 
Furthermore, the distribution of photons play a key role on the derivation of the GZK cut- 



off []2l|. Upto now estimates of the GZK cut-off are obtained by considering a black body 
distribution. Deviations from this cut-off may thus provide us signals of noncommutativity. 

These facts convince us that any deviation from the usual free massless boson theory 
may have some influence on the modeling of these experimental facts. One possible source 
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of such deviation is the deformation of the target space of a free massless boson theory. 
For instance, we may consider a theory with a noncommutative plane as target space. 
Then a natural question one may raise is how the radiation spectrum is modified by this 
deformation of the target-space of the free massless boson theory 

We present here a free massless boson theory with commutative base-space and non- 
commutative target-space. The first results with bearing on such models can be found 
in the work of Oeckl [U, and can be interpreted in terms of twisted statistics. The idea 
of deformation of the target space has also been extensively developed in the work 1 of 



Carmona et al || 10 1. These works use the earlier work on quantum mechanics with non- 



commutative target spaces by Nair and Polychronakos p3|. Their physical consequences 



have also been explored by the same group in ]23j, |2j|, [2^, |26|, |27|, |28|. They call the fields 
with noncommutative target spaces as noncommutative fields. Subsequently Balachandran 
et al ^, ||, |H[ |2^| developed and extended the ideas of Oeckl, with emphasis on the link 
between twisted Poincare invariance and twisted statistics. Note that it can be argued 
that spacetime and target space noncommutativity are linked to each other by symmetry 
principles. 

Our treatment of deformed conformal symmetry in section 2.3 is new. Also unlike 
Carmona et al, we consider nonconstant deformation parameters and discuss the deformed 
black body radiation spectrum in detail. This study can acquire significance from the point 
of view of of phenomenology. 

Sections 2 and 3 contain many results already obtained by || [Hj], although perhaps 
our derivation of their results is slighty different. They are included here for completeness. 

The present work is organised as follows. In section 2, we construct a free massless boson 
theory with noncommutative M 2 , hereafter referred to as the deformed theory, for the case 
where the base space is a (l + l)-d space given by the cylinder S 1 x R. After constructing the 
Hamiltonian formulation of this theory and quantizing it, we calculate 2-point correlation 
functions and also see how the conformal generators are modified by the introduction of 
noncommutativity. The results obtained in this section are, then, generalised to a more 
realistic scenario in section 3. In this section, we show the same theory, but now with the 
(3+l)-d base space given by S 1 x S 1 x S 1 xR. Then, using this (3+l)-d theory, we study the 
radiation law for the deformed theory and compare it with the usual commutative theory, 
i.e., the black body radiation. Concluding remarks are section 5. 



2. Deformed (1 + l)-d Theory 

In this section we construct a deformed version of a (1 + l)-d theory. For that we start with 
a target space M? as a group manifold. Then we use a twisting procedure on the group R 2 , 
so that it becomes the noncommutative plane. 

The phase space T*R 2 of a single particle in M 2 has a natural group structure. It is the 
semi-direct product of M 2 with M 2 . The generators of its Lie algebra can be taken to be 

x We thank Prof. J. Gamboa and Prof. J. Cortes for calling our attention to their interesting earlier 
work. 



- 2 - 



coordinates x a ,a = 1,2, and momenta p a . The algebra generated by x a and p a are given 
by 



x a ,x b 



[Pa,Pb] 



[x a , Pb ] 






i5 a b . 



(2.1) 
(2.2) 
(2.3) 



Functions on M 2 are thus commutative and p a acts as derivative on these functions. 

We now twist (or deform) the generators of the above algebra into x a ,pb and thus obtain 
a new algebra. The algebra of derivatives are not deformed, but the function algebra is. 
The twisted algebra reads [30, 22] 

(2.4) 
(2.5) 
(2.6) 



the present. 

We can relate the hatted generators (noncommutative ones) to the usual generators by 
the deformation map 2 





x a ,x b 




ie ab 6 = i6 ab 




[Pa,Pb 


] = 







[x a ,p b 


] = 


<■ 


The so-called non-commutativity parameter 


gab _ _Qba j g ag usua i taken as a 



X" 

p a 



\e ab p b , 



(2.7) 



In what follows, we will generalize the above deformation map to the case of a scalar field 
theory. 

We start with a free real massless bosonic field. Its base space is a cylinder with 
circumference R and its target space is R 2 , i.e., 

. TD.2 



ip : S 1 x 1 
(x,t) 



<p(x,t) 



The field components will be denoted ip 1 where i = 1,2. The compactification of the space 
coordinate makes each field component periodic in the variable x, i.e., 

Lp\x + R,t) = ip\x,t) . 

The field components ip l (x,t) may be written as a Fourier expansion 



(2.8) 



where the Fourier components are 

1 

R 

2 The analogue of the map x a — > x a first appeared in the works of Grosse filj, Zamolodchikov and 
Zamolodchikov |33] and Faddeev ||33j|. It is sometimes called a dressing transformation. 



<Pn(t) 



dxe~^ nx ip\x,t) =i P i _ n (t)*. 



(2.9) 
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The Lagrangian for the free field is 



L 



where there is an implicit sum over the target space coordinate index i. 
In terms of Fourier modes, the above Lagrangian is 



9R ^ w 



L =— E 



Inn 



<Pn<P-n 



(2.10) 



(2.11) 



It is a standard exercise to check that the theory defined by the Lagrangian (2.10) 
possesses conformal invariance. This is verified by showing that the energy-momentum 
tensor is traceless. 

We can define the momenta conjugate to ip l n = as 



7T„ 



dL 



gR<p l _ n = ir i _* n . 



We then have the following commutation relations: 

[<Pm><Pn] = [nm^i] =0 [^,4] = ^ mn 6 lJ 



The Hamiltonian for ( 2.11 ) is 



i \2 



2gR ' 2gR 



+ 



-= Yl {<^-n+Wn\9) 2 <Pn<P-n} 



(2.12) 



(2.13) 



(2.14) 



For n ytz 0, it is equivalent to an infinite set of decoupled harmonic oscillators with frequen- 
cies 



27r|n| 
R 



(2.15) 



The first term in the l.h.s. of equation ( |2.14| ) is known as the zero mode. We will mostly 
ignore it in the rest of these notes. It will not affect our conclusions. The hermiticity of tp 1 
implies that 

(2.16) 



and 



7T ' = 7T_ 



(2.17) 



We now generalize the deformation map (2.7) to the above scalar field theory. We take 
ordinary field theory with target M 2 described by canonical pairs (p a ,ir a , a = 1,2, and then 



use the map (2.7) so that 



a (x,t) = <p a (x,t)-~e ab n b (x,t) 

7T a (x,t) = TT a (x,t) . 



(2.18) 
(2.19) 



- 4 - 



In the case where O ab = Oe ab , with chosen as a constant, the corresponding equal time 
commutation relations are 



<fP{x,t),<p b (y,t)\ = ie ab d8(x-y), 

[TT a (x,t),TT b (y,t)] = 0, 

[<p a {x,t),7r b (y,t)} = i5 a b 5{x-y). 



(2.20) 
(2.21) 
(2.22) 



These are the relations of ||, 10] in the limit of their B becoming zero. 
In what follows, we are going to redefine 85{x — y) such that 



0(a) 



2ira 



(2.23) 



which is the previous constant times a function of a new parameter a. This new parameter 
a introduces a new distance scale in the equal time commutation relations for the fields: 



£ a (x,t),<p b (y,t) 



/€ 



abt 



2-na 



(2.24) 



It is important to note that these new commutation relations reduces to those in ( |2.20| ) 
in the limit a — ► 0. We note further the fact that while the new 9(a) is dimensionless, 
because 0(a) substitutes the previous 05(x — y), the in 0(a) still has the dimension of 
(length)" 2 . 

In more than two dimensions, it is not easy to introduce spacetime dependence in the 
noncommutative parameter (called also 0^ u ) of the Moyal plane |||], because of constraints 
from Jacobi identity. But here we twist the target of fields, so that this problem does not 
arise. 

The above deformed algebra describes a field with noncommutative plane as target. 
The degree of non-commutativity is regulated by a new parameter a. 
We can describe the deformed algebra in terms of the Fourier modes 



V = 2^e R 



nx ~a 



Then the "dressing transformation" 



<Pr, 



AH- 

7T„ 



7T" 



e ab 0(n)7r°_ n , 



2R 



where R is the circumference of the base space cylinder S 1 x R and 

,,222 
2-tt a n 

0( n ) = e S2— _ 
reproduces the Fourier components of ( |2.24| ), ( |2 . 2 1| ) and ( 2.22j ): 

^e ab 0(n)5 n+mfi , 
0. 



■ trab c 

% O m n • 











~a ~b 

















(2.25) 

(2.26) 
(2.27) 

(2.28) 

(2.29) 
(2.30) 
(2.31) 
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(Notice that [9(n)] = dimension of 9{n) = length.) 

We can write the Hamiltonian in terms of the deformed fields and momenta, using 
equations ( [2.18 ), ( 2.26 ) and ( |2.27 ). Then, the Hamiltonian, without the zero mode term, 
reads 



2gR 

— E 



1 + 



Trg\n\9(n) 
R 



+ (2^\n\g) 2 ^ 



{2v\n\gf 



R 



(2.32) 



2.1 The Schwinger Representation and the Construction of the Fock Space 



We can construct a Fock space, since the Hamiltonian ( 2.32 ) can be diagonalised using the 
Schwinger representation of SU(2). It is remarkable that the last term of the Hamiltonian 
in equation ( |2.32| ) is proportional to the z-component of the angular momentum L z . This 
fact motivates the use of the Schwinger representation. 
First, let us rewrite the full Hamiltonian ( [2.32 ) as 



i y i,j,n^0 V y 



where 



1 + 



■ng\n\9{n) 



and 



2-7r|n| 



(2.33) 



(2.34) 



R ) R 

It is important to note that in the limit 9 — > 0, we have 9(n) — > and — > 1. This limit 
takes the Hamiltonian (|2.33| ) to the usual Hamiltonian for the free massless bosons upon a 
commutative target space. 

Separating the zero mode contribution Hq, we have 



H = H + Y, < K-n + ^ul<Pn <P-n ~ ^ r'„ K 



n 



(2.35) 



Therefore, the Hamiltonian may be written as 



H = H + Y {H n -l9{n)u 2 n J z n ), 



where 



i 2 



(2.36) 

(2.37) 
(2.38) 
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and 



J n = E ^ n n 



(2.39) 



hi 



H n alone is the Hamiltonian of a harmonic oscillator with frequency J7 n a; n , which can 
be easily diagonalised if we note that it can be rewritten as 



This is the traditional form of the harmonic oscillator Hamiltonian, where 
We may now define annihilation and creation operators. For 

/a; 



9 R 

M =ryl and 



where 



and, as usual, 



A n = Mw„ = 



2 V^^AT 



#i?w n 2-k \n\ g 



[a l m ,a J n ] = 
It is now easy to check that 



t ,'t 



= 



v 7 ^ 



(2.40) 



(2.41) 



(2.42) 

(2.43) 
(2.44) 

(2.45) 



and that if we make 6 — ► 0, we have f2 n — > 1 and A n — > 27r|n|<7 and in this limit a l n and 
reduce to their usual (commutative space-time) version. 

Now, in terms of these annihilation and creation operators the Hamiltonian becomes 



t 



w «^n / i it, i t i x 

— — (a n a n + a_ n a_ n ) 



(2.46) 



which, using some algebra, can be written as (the : : symbols stand for the usual normal 
ordering of operators) 

Hn ~ 2^ — o~ ■ ( - a « a « + a - n a - n > ■ 



E 



"" B (< t 4 + aL B t aL B ) 



(2.47) 
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Accordingly, for the angular momentum term we get 



E* = -£ 



i €ij a n o? n , 



(2.48) 



so that we can finally write the complete Hamiltonian as 

K) 2 



(2.49) 



The appearance of the angular momentum term may be seen as a signature of the 
well-known relation between noncommutative plane and a plane embedded in a magnetic 
field perpendicular to it. 

Now we define new annihilation and creation operators 



A 1 - — (a 1 



1 



ia r . 



(2.50) 



such that 



A i A 3 ' 



u 11:1 I t. V 



Using equations ( |2,45| ) and ( [2.50 ), we can check that the field components can be 
written as 



.1 



1 



■2 = i 
~ 2^/A^ 



(A^ + A_ n + A n + A\) 
(A n — A_ n — A n + A\) . 



(2.51) 
(2.52) 



In terms of these A's and A^s the Hamiltonian reads 

An\g9{n)\ Al}Al+[nn 



„ A 1 A 1 ^ A 1 4- A 2 A 2 ^ A 2 



ir\n\g9(n) 
R 



4 2t 4 2 



(2.53) 



where 



Ai = ft n + 



A 2 

1 v ri 



On 



ir\n\g8(n) 
R 

ir\n\g6(n) 
R 



(2.54) 
(2.55) 



Notice that an important effect of introducing noncommutativity is the splitting of the 
energy levels of each individual mode that constitutes the whole system. One should recall 
the resemblance of this effect to the well-known Zeeman effect in a quantum system in the 
presence of a magnetic field. 

Time evolution of the A n 's and A n 's is given by 



A n (t)=A n (0)e 



A n (t) = Al(0)e 



(2.56) 
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Al\t)=A^(0)e 



1 Un\ JUmhLt 



A 2 J(t)=A^(0)e 



2 t/ n \ JuJmAl, t 



(2.57) 



which together with equation ( |2.51 ) and (|2.52|) gives, (omitting zero modes), 



<p x (x,t) 



87Tg n^O V ^ ^ 



+ A 2 e ¥( na; -l n l A ™*) + A 2] e -^jr^x-\n\hlt) 



(2.58) 



and 




A 2 e *%L(nx-\n\A 2 n t) + e -2gi (nx-\n\A*t) 



(2.59) 



2.2 Correlation Functions 



Given the new fields (|2.58j ) and (|2.59|) we can evaluate the two-point correlation functions, 
e.g., for ip : 

87T9 n 



e-^MA^ti-ta) + e -^|n|Aa(ti-ta) 



(2.60) 



Taking the limit 9 — > of this expression we get 



(2.61) 



which is exactly what we would get for the two-point correlation function on the commu- 
tative plane. 

The same calculation can be performed for (p 2 (x,t) with a similar result. Furthermore: 



{(p 1 (x 1 ,t 1 )ip 2 (x 2 ,t 2 )} = . 



(2.62) 



2.3 The Deformed Conformal Generators 

We study in the sequel how the conformal generators are deformed by the deformations 
introduced by the noncommutativity of the target space. 

The deformed Hamiltonian is written in terms of the hatted operators as 



(2.63) 
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It can be diagonalised if we define the deformed creation and annihilation operators as 

1 



1 

\/4vr|n|g 



(2Trg\n\0l l + m l _ n ), 
(2Trg\n\(p l _ n - m l n ). 



(2.64) 
(2.65) 



Using the commutation relations (|2.29|) , ( 2.30| ) and ( |2.31 ), we obtain the commutation 
relations 



\a l a? ' 
[""mi ""n 



a 1 a jt 

u mi u n 



nrg\m\ 
R 

iirg\m\ 
R 



6(n)e ij 5 m+n , 



(n)e lj Sm,n + 5 lj 5 m ,n- 



(2.66) 



(2.67) 



The Hamiltonian in terms of the deformed creation and annihilation operators is given 



by 



if .i 



(2.68) 



where u> n = ^7^. Note that a l n and a J n are not standard oscillators, as one sees from ( 2.66 ) 
and ( [2.67 ), and hence nor is uj n the frequency of oscillation of the n th mode. 
The generators of the modified £7(1) Kac-Moody algebra are 



7' 



so that 



—i\fn a % n (n > 0) 
i\J—n al n (n < 0) 



\P T j ] = \ P P 
|_"rra) "n.J L m m 



J' 

1 1 



(n > 0) 



%\f—n cin (n < 0) 



(2.69) 



L"rra) "raj 



iirgm 
R 

mgm\m 
R 



9 lj 6 m+n + m 5 lj 5 m+n , 



(2.70) 



Observe that new terms depending on 6 have appeared in the commutation relations of the 
{7(1) Kac-Moody algebra. 

Focusing on the non-zero mode terms of the Hamiltonian ( 2.68j ), for the time being, 
i.e., on 

£ ^(fi£4 + al»0, (2.7i) 

we may rewrite it using the new J's and J's, so that 



2vr 



R 

i,n>0 

The commutation relations (|2.70| ) lead to the relation 

2irm 



H,J1 



R 



Jl m -iTTm 2 9e ik (J l _ m + J l m ). 



(2.72) 



(2.73) 
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Now we can write the "conformal generators' 

1 \ - 



L o = 2 J o + ^ J\ Jn (2-74) 

i,n>0 



I. Ill 



where 



L o = 2 J o + E J - J n ( 2 - 76 ) 

i,n>0 

£ » = 5E-5-».-c <"?* ) ( 2 - 77 ) 



4 - 4 - (2.78) 



It should be noted that the generators L defined above do not close on a Virasoro-type 



algebra, i.e., 



is not proportional to L m+n (plus a central term for m + n = 0), 



because of the e*- 7 term appearing in the RHS of equation Q2.70p . 



The Hamiltonian (|2.68|) may finally be written as 



2ir - ± 

H=—(L + L ). (2.79) 
3. Deforming the (3 + l)-d Theory 

In this section we use the same procedure presented in the previous section for the case when 
we consider a different base space, say a (3+l)-d base space, while we still consider the same 
noncommutative target space as the case before, i.e., the noncommutative plane. This case 
will play a role in the next section, where we will use it to analyse how noncommutative 
target spaces may influence the black body radiation. 

We start with a massless bosonic scalar field on the target space M 2 , but now with 
(3 + l)-d base space, such that 

<p : S 1 x S 1 x S 1 x R — > R 2 

(x,t) .— ► <p(x,t). 

Observe that we are still considering compactified spatial coordinates, i.e., S 1 , all of them 
with the same radius R. 

The field components ip l {x,t) can be written in a Fourier series: 

= E e^^(i). (3.2) 

n 

Here we have n = (ni,n2,n3), rij G Z, and the Fourier components are written as 

1 r* 



^(*) = ^3 / d A xe~ n - x ^{x,t). (3.3) 
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The Lagrangian is given by 

L =f£/ d M(^) 2 -(wy 



(3.4) 



The Lagrangian in terms of the Fourier modes of p l is 

T gR 3 



E 



27r|n' x 

— w 



(3.5) 



The canonical momenta associated with the Fourier modes tp't are 

dL 



7T, 



gR 3 <ft 



(3.6) 



Now we consider the noncommutative M 2 as target space and follow the same procedure 
as the one we used in the previous section. Thus, the deformed fields are now 



<p a (x,t) = cp a (x,t)--e ab 97r b (x,t) 

TT a (x,t) = TT a (x,t) , 

where the 9 parameter has dimension of length square. 

The commutation relation at equal time for the fields introduced above are 

<p a (x,t),0 b (y,t)] = ie ab 98(x-y), 
[Ti- a (x,t),7t b (y,t)] = 0, 
[<p a {x,t),Tr b (y,t)} = i6%S(x-y) . 



(3.7) 
(3.8) 



We now replace the constant parameter 9 by 



9(a) 



(V27TC7) 5 



cxp 



E 



2a 2 



(3.9) 
(3.10) 
(3.11) 



(3.12) 



where we make the simplifying assumptions o\ = ai = 03 = a in the more general expres- 
sion Ya=i ^ or ^ ne argument of the exponential, and 9(a) has dimension (length)" 1 . 
The commutation relations (13. 91) become now 



<p a (x,t),0 b (y,t) 



it 



ah 1 



cxp 



E (xj - ViY 
2a 2 



i=l 



(3.13) 



The Fourier decomposition of the hatted fields (p a are similar to those of the undeformed 
fields ip a in Q, i.e., 

a (x,t)=J2^ H ' S <PH- (3-14) 



Using now 



9(n) 



e r 1 



(3.15) 
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we can write the deformation map for the Fourier modes of the fields as 

1 



7T„ = 7T„ 



e ab 9{n)TT b _ 



2R 3 



For the Fourier modes the commutation relations are 

ie ab 9(n) 



~a » b 



i? 3 



n+m,0 







i5 ab 5 r , 



and the Hamiltonian reads 



(3.16) 
(3.17) 



(3.18) 
(3.19) 
(3.20) 



H = Hn + 



(3, 



. .2 ,A ,J 9 , ,2 nr\ J _k 



^-?\2gR 3 n ~ n 2 

i,n 



where 



and 



Q 2 = 1+I *9\n\e(n) 



R 



UJf. 



2ir\n\ 
R 



(3.21) 



(3.22) 



(3.23) 



We can again apply the Schwinger procedure. We use the operators AVs and A l J : s 



with i = 1,2, defined similarly to (|2.50D , so that the Hamiltonian may be written as 



ir\n\g9(n)\ lt A i , f a K\n\g6{n) \ zt 2 



i? 



i? 



w n 1 A^ ^ ^ + A| ^1 ^1 r 



(3.24) 



with 



7r|n|g#(n) 
7r|n|g(9(n) 



(3.25) 
(3.26) 



We observe that the splitting of the energy levels of the oscillators are still present in 
this case. 
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4. Deformed Black Body Radiation 



In this section we analyse the black body radiation related with the quantum field theory 
presented in the last section. We have shown that there is a splitting of the energy levels, 
equations ( 3.25| ) and fl3.26| ), which necessarily implies a modification of the dispersion rela- 
tions of the theory. Here we show how these deformed dispersion relations affect the black 
body radiation. 

Using the Hamiltonian (3.24), we can write the partition function as 3 



Z = Tre-^ = n E 



-Bivj-Aln —Bui? Aim 

e k k e k k 



k^O 



m,n=0 



n 

k^O 



1 — e k k 



1 — e k k 



(4.1) 



(We ignore the zero mode. It is not relevant, being associated with the overall translation 
of the system.) From this partition function we may consider the energy in a finite volume 
V £ M 3 of the system defined by 

d 



U 



dp 



In Z. 



(4.2) 



Noting that 



InZ 



Yl [ ln 1 1 - ' 

k^O 



k fc + In 1 — e fe * 



(4.3) 



we obtain 



k^O 

oo 

= 2£ 



/ 3 u)r Ah 1 , 
(e k k — 1 



+ 



k k 



• 3 U)r Al -i \ 

e k k — 1) 



+ 



k=l 

u 1 + u 2 



(4.4) 



Each of the terms C/i and C/2 corresponds to the energy of the oscillators. 
The limit to infinite volume for the system is obtained by considering 



Ui 



dk (4-irk 2 



2W 

W) 3 Jo 

V f°° dk _ k*A\k) 



kK L {k) 



f k A l (fe) _ 1 



7T 2 , 

7T ./ 



J3kA i {k) _ 



(4.5) 



3 We ignore the zero mode. It is not relevant, since it is associated with the overall translation of the 
system. 
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with i = 1,2, where now 4 



A 1 (A;) 
A 2 {k) 



1 + 



where 



1 + 



6{k) 



k6(k)\ 2 


fc0(fc) 


8vr J 


8vr 


kd(k)\ 2 


k0(k) 


8vr J 




1 e 2 . 





(4.6) 
(4.7) 

(4.8) 



In units c = ^ = 1, we have k = u = frequency (this k is the wave number, not an integer), 
so that we can automatically rewrite the energy density as an integral in u, i.e., 



U if 00 , 
v = ~ 2 1 (Lj 



o 



to 3 A^k) uj 3 A 2 {k) 



e /3ujA 1 (k)_i ' e l3u)h 2 (k)_i 

In the limit 9 — ► 0, A l {k) — ► 1 and the energy density reduces to 



(4.9) 



C/ _ _2_ 
V ~ ^ 



du 



00 ' 



(4.10) 



with u(tjj) being the Planck distribution, which is such that after integration it gives U/V oc 



We may calculate the expansion of equation ( 4.4 ) in powers of 6, using the usual 
normalization: 



U[6) = U(0) + 



dU_ 
~dB 



+ 



d 2 U 



d9 2 



+ ■ 



(4.11) 



The first term U(0) of the expansion is given by equation ( [4.101 ). The term of order 8 
is zero and the term of order 9 2 is 



d 2 U 



d9 2 



7T^ 



00 , J 3 d 2 F(a,p,oj) 
duo 



64(e#" - 1) 3 tt 2 



(4.12) 



where 



F(a,P,u) = e u 



+ e" 



3we 



u>(-a 2 u>+2(3) 



+ 



The correction, due to noncommutativity, for the black body radiation is not a poly- 
nomial in (3. 

So that we may obtain some intuition to help us to better understand the behaviour 
of the corrections, we present some graphs in what follows. These are graphs that are to 
be compared with the well-known black body radiation graph. 
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lX io- 14 

0.8 
0.6 

u(v) 

0.4 
0.2 



10'" 10'" 10'" 

Figure 1: The shady region corresponds to the black body radiation with temperature T = 
1 x 10 4 K. The solid line delimits the region of the new radiation, which is given by the deformed 
theory for a = 1 X 10~ 15 . The dashed line gives the radiation curves of the deformed theory with 
null a. Observe that in this case, there is a divergence in the energy density at high frequencies. 

It is remarkable that the behaviour of the radiation obtained after introducing non- 
commutativity is similar to that of a regularisation by the parameters 9 and a. For phe- 
nomenological reasons 9 cannot be too big, nor can a be too small as that would make 
frequencies increase too fast with |n| (see below). 

In the graph of figure [I], we see the radiation curves for a temperature of 1 x 10 4 K, 
both for the usual black body distribution and for its deformed distribution. In the case 
of the deformed theory, but with a = 0, we clearly see a divergence in the energy density 
when the frequency of the radiation is increased. This is because when a = 0, the oscillator 
frequencies ui^ (ila =F ^N^M j increase too fast, that is, like |n| 3 as |n| — ► oo. For the 
(arbitrary) choice a = 1 x 10~ 15 m, in the figures, we see a deviation of the radiation energy 
density curve for the deformed theory from the usual black body radiation. 

The effects described above are inferred from low frequencies. The effective deviation 
with respect to the black body radiation is regulated by a and 9. One can see the behaviour 
of such deviations either in low frequencies or in high frequencies in Figure ^. In these figures 
the temperature is 1 x 10 4 K with fixed a = 1 x lCP 18 m. 

One can notice that for low frequencies, the effects can made very small by choosing 
values for the 9 parameter. The solid and dashed curves correspond to the values 9 = 
1.7 x 1(T 14 and 9 = 1.9 x 1(T 14 respectively. 

On the other hand, for high frequencies one can notice that a modification appears in 
the radiation. Such a modification is given by a peak in the radiation curve, which we refer 




4 We adopt the choice g = 1/4-k. 




,x 10" 



(b) 



u(is) 









9 = 1.9 x lCr 14 m 




6 = 1.7* 10- 14 m 



10" 



Figure 2: (a) When a is nonnull (a = 1 x 10~ 15 and T = 1 X 10 4 K in both graphs), there exists 
a very small deviation with respect to the usual black body radiation at low frequencies. The 
graph shows the energy density curve for the new radiation with 6 = 1.7 X 10~ 14 (solid line) and 
9 = 1.9 X 1CP 14 (dashed line); (b) A not-so-small deviation is found for high frequencies. 



to as the secondary peak. We observe in Figure § how distinct values of 9 lead to different 
values for the highest amplitude of the secondary peak. 

The frequency and the highest amplitude of the secondary peak are functions of the 
parameters. This can be seen in Figure The growth of a leads to the decrease of the 
highest amplitude of the modification, as well as the translation of the secondary peak to 
low frequencies. This agrees with the fact that when o goes to zero, the highest amplitude 
grows, and the divergence appears. 

One can note also in Figure | that as 9 grows, the highest amplitude of the modification 
grows as well. The value of 9 is also given by the position of the peak of the modification, 
however such dependence is stronger on a than on 9. 



5. Conclusion 



This work is based on the deformation of the target space of a field in a quantum field theory 
by considering the noncommutative plane M 2 as target space. It is based on the earlier work 
of |l0|, p|. One of the simplest of the quantum field theories, i.e., the free massless boson 
field theory was considered in two different cases. In the first case we recalled this theory 
when the base space is a cylinder S 1 x R. In the second case the base space is (5 1 ) 3 x M. 

A first consequence of such a deformation is the appearance of a term proportional to 
a component of angular momentum in the Hamiltonian of the theory. It affects the split 
of the energy levels. This split deforms the dispersion relations of the theory, which have 
consequences for the radiation spectrum of this theory. A new feature in our treatment is 
that besides the noncommutativity parameter 9, we also introduce another parameter, a, in 
the model, resulting in the commutation relation (|2.24 ). The radiation spectrum depends 
on both these parameters. In order to understand its dependence on these parameters, 
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Figure 3: Another example that the frequency and the highest amplitude depend on a and 6. The 
dependence of the highest amplitude on a is stronger than the dependence on 8. For both graphs, 
T = 1 x 10 4 K. 



we expanded the energy density upto second order in theta and graphically studied its 
dependence on the parameters. The analysis of these graphs reveals that the deviation of 
the new radiation spectrum with respect to the black body radiation is stronger in a than 
in 9. 

As an application of the deformed black body spectrum, one may calculate the GZK 
cut-off. In ||21|| , the GZK cut-off is calculated using the distribution of black body radiation. 
A follow up of the present work is to evaluate a new GZK cut-off using the deformed black 
body distribution obtained in this work. 
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